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CN Abstract 
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We carry out ADM reduction of the 4D Einstein-Hilbert action. 
The resulting theory is a scalar theory defined at a 3D hypersurface of 

q^ the original black hole background, having an exponential potential. 

Once the the hypersurface is located at the Schwarzschild radius, the 
3D theory is effectively reduced to a 2D Liouville type theory. We 

-C compute the partition function of the 2D theory, and show that its 

leading order entropy is proportional to the area of the horizon of the 
original black hole. The subleading terms come in logarithm/inverse 

_C powers of the area. 
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1 Introduction 

Based on the previous works [l}J3] (see [4]47] for related discussions), a new 
Kaluza-Klein scheme in which the bulk spacetime was viewed as a foliation 
of hypersurfaces along one of the coordinates, "r" was proposed in J8] . The 
scheme - called the ADM reduction - focuses on the collective dynamics 
of the hypersurfaces, which should capture aspects of the bulk physics. It 
is evident that the selected coordinate should play a special role, and this 
naturally suggests a description of dynamics where r plays the role of "time" 
coordinate. 

Applied to a 5D supergravity theory, the ADM reduction led to the world- 
volume (one of the leaves) theory of the D3 brane fl] (8l. Here we apply 
the scheme to 4D pure Einstein gravity, and reduce it to a fixed point in 
the radial coordinate r. We show that the reduction leads to a 3D scalar 
theory description of the hypersurface being considered. Interestingly, the 
scalar theory takes the form of a 3D analogue of Liouville theory (and a 2D 
Liouville type theory subsequently) with an exponential potential. 

In the big picture, the ADM scheme is to describe the physics of the 4D 
spacetime as fluctuations in the 3D and along the fourth direction. The first 
step in ADM reduction is ADM decomposition. The ADM reduction that we 
consider in this work is a relatively simple procedure that does not require 
the full machinery of ADM decomposition; below we will consider a reduction 
ansatz in the form of a block-diagonal decompositionjj 

ds\ = n 2 dr 2 + h fll/ dx fJ, dx u (1) 

Only the dynamics associated with fluctuations along r is allowed. (The ra- 
tionale behind this reduction will be discussed below.) Then fluctuations will 
become dependent on the time and angle coordinates (t, 9, if), and eventually, 
the system is rendered only of a scalar field in the fixed metric background 
hfj, v . The scalar field - which we denote by <p(t, 6, tp) below - is related to the 
radial component of the metric in a particular way that is presented in the 
next section. 

In other words, the scalar theory describes a branch of the moduli space 
of the Einstein-Hilbert action, and should capture certain aspects of the 4D 



1 Compared with the standard ADM decomposition (see, e.g., [9J for a review), the shift 
vector is absent. Therefore, it should be viewed as a combination of ADM decomposition 
and Kaluza-Klein reduction in which the shift vector is set to zero. 



gravity theory. One may say that the particular branch of the moduli space 
of the original theory admits a "dual" description, which is the scalar theory 
in the present case. It seems, therefore, that the idea of "duality branch by 



branch 10 " is at work here too. In particular, it is plausible for the entropy 



of the BH system 11 12 to be captured by the scalar theory. Discussions 



on microscopic origin of the black hole entropy can be found in 13 15 . 

One subtle issue is whether one should employ the finite temperature field 
theory technique to describe the dynamics of the hypersurface since the black 
hole has Hawking temperature. We believe that the zero-temperature field 
theory is the correct setup, and further comment on this issue in the conclu- 
sion. 

The rest of the paper is organized as follows. In section 2, we implement 
the ADM reduction of 4D Einstein-Hilbert action. Although the actual re- 
duction is carried out in the Lagrangian formulation, it is the Hamiltonian 
formulation that provides an intuitive and physical picture. After briefly re- 
viewing the Hamiltonian formulation of "r-evolution" , we demonstrate that 
the Schwarzschild metric can be obtained as a solution of this Hamiltonian 
formulation. When the hypersurface is taken to be the event horizon, only 
the spatial directions survive; the dimensions of the scalar theory are ef- 
fectively reduced to two dimensions, and therefore, the theory becomes a 
Liouville type theory. Compared with the standard form of Liouville theory, 
the theory obtained has several inessential differences. Since our theory can 
be viewed as a minor variation of the standard Liouville theory, we will call 
the 2D theory just Liouville theory omitting the word "type". The com- 
putation of the entropy of the resulting 2D theory is undertaken in section 
3 in which the area scaling of the entropy is established up to the issue of 
renormalization. The entropy obtained displays the same pattern that was 



observed in |16| (Entropy corrections were considered also in 17 [18], earlier). 
We conclude with summary and future directions. The appendix contains a 
discussion of entropy of a quantum field theory system at zero temperature. 



2 ADM reduction of 4D Einstein action 

In this section, we carry out ADM reduction of the 4D Einstein gravity. 
The ADM reduction that we consider in this work is a fairly straightforward 



procedure that does not require the full machinery of ADM decomposition 
but only its block-diagonal version. Roughly speaking, we leave arbitrary 
degrees of freedom to the (r, r)-component of the 4D metric g^u, writing it 
as g rr = gorr + g , and view g as the field that governs the dynamics of the 
hyer surf ace. 

The actual reduction is carried out in the Lagrangian formulation for tech- 
nical simplicity. However, it is the Hamiltonian formulation that provides an 
intuitive picture; we start by briefly reviewing the Hamiltonian formulation 
of "r-evolution" in section [2TT~l We check in section [2^21 that the Schwarzschild 
metric can be obtained as a solution of the Hamiltonian formulation of r- 



evolution. In section 2.2 we carry out ADM reduction of the 4D Einstein- 



Hilbert action (this reduction might be somewhat similar in spirit to those 



of 19 [20] ) and obtain Liouville field theory. 



2.1 review of Hamiltonian formulation 

We start with the Einstein-Hilbert action 

1 



S=-J d'x^g-R^ (2) 

The 4D coordinate x^ consists of the radial coordinate r and the 3D coordi- 
nate x M : 

a£ = r,af /i = 0,1, 2 (3) 

Let us consider the following block-diagonal reduction ansatz for the solu- 
tioifl 

ds\ = n 2 dr 2 + h^dx^dx" (4) 

The 4D Einstein-Hilbert action now takes 

J d A x y^g^R^ = fdrfd 3 xnV^h (-^(h^drh^f - ^(<9 r V) 2 + ^ (3) ) (5) 

2 It is more proper to include the shift vector; with it, the steps will be slightly modified 
(but with the same conclusion). However, it is crucial to omit the shift vector in section 



2.2 where the reduction is carried out. 



With the lagrangian given by 

1 



C = ny—h 



4n2 (^9 r v) 2 -^(^V) 2 + ^ (3) ) 



(6) 



the corresponding Hamiltonian is 

H = p^drh^-C 



-nV—hR 



(3) 
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where p pv is the canonical momentum, and V M is the 3D covariant deriva- 
tive associated with the hypersurface under consideration. The field equa- 
tions/constraints that follow from (IT]) are 



p^ 
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flV 



h pv p) 



(10) 



where G pu = R pu — ^WR and p = h^jf*. The constraint rt9|) shows that 
n is a moduli field: the on-shell Hamiltonian vanishes regardless of the value 
of n. The surface of a fixed metric still has the degrees of freedom associated 
with the moduli and, therefore, the entropy of the hypersurface with a fixed 
metric will naturally be associated with the dynamics of the moduli field n. 
Also note that 



JV = ^~hy ~ Tj-drh^ + h^—h^drhpv) 



and 



1 - Jl . 1 2 



_ h -v» v + - 2 v) 



^M 2 + ^(^V) 2 



(11) 



(12) 



The Hamiltonian formulation of r-evolution ([7]) admits, as it should, the 
Schwarzschild metric as a solution. One can check this explicitly as follows. 
Taking n = n(r), the equation (JsT) becomes 



zdrl r = cr + l— l u? \f) h ^-— l—wjrp-ljzr) 



(13) 



The trace part of the RHS of (13) implies 



h^d rT r = (14) 



This and the non-trace part of ( 13 ) can easily be shown to lead to the solution 
of 



., /i 2GMY 1 



n'=\l- —J (15) 

(The integration constant has been fixed in the usual manner.) Once the 



solution for h^ is obtained, p M „ can be determined by (11). The result 
implies that the Schwarzschild metric 

ds 2 = -(l )dt 2 +(l J dr 2 + r 2 (d6 2 + sin 2 dd<p 2 ) (16) 

is indeed a solution of the r-evolution Hamiltonian. For later use, we intro- 
duce the 3D metric solution, which we call "the 3D Schwarzschild metric" , 

2GM\ 



dsj D = -(l-^Lyt 2 + r 2 (d6 2 + sm 2 



_ 2GM\ 72 4r 2 

1 )dt 2 + 7 —^dzdz (17) 

r / (1 + zz) 2 

in which the two-sphere part has been rewritten by introducing complex 
coordinates z, z. 



2.2 metric rescaling and reduction 

One may consider the system given by ([6]), and in principle attempt to ana- 
lyze the fluctuations around the Schwarzschild solution. However, the quan- 
tum level analysis would be complicated because of the non-canonical manner 



in which the moduli field n enters. In this section, we rescale the metric in 
order to make the system and its analysis more tractable. Towards the end 
of this section, we will note the effective reduction to 2D; it is that 2D theory 
whose entropy is computed in section 3. 



Let us consider the Lagrangian rt6|)nand rescale the metric by 



l*' (IV ~ *> I*' (IV 



;is) 



The Lagrangian now takes 



C = n\/—he 2 

+ne^V-h 
Once one imposes 



2n 



d r 6+—h^d r h 



-i 2 



2n 



rK'/iv 



— ny—he 2< 



1 e* 

■—{dr^e^h^ + —drh^ 
2n In J 



^(3) _ 2V M V^ - -V^V^ 



r? z 



(20) 



one gets 



-he 2 ^-d r 4+ l -h^d r h^ 2 - Ae 2 ^V^+^ r V 



^(3)_2V M V^--V M 0V^ 



+V-h 

Let us carry out the following reduction of the <fi field 
(f)(r,t,e,<f)^(f> (r) + (f>(t,e,(p) with e*° 



117. 



(21) 



(22) 



In this 3D setup, the functions that only have r-dependence may be treated 
as constants. The Lagrangian now takes 



C 



3D 






/3 1 \ 2 /l 1 



ijo) _ 2V,Vy - -V^Wc, 



(23) 



3 It turns out that once the shift vector is included, not only the (/(-fluctuations but also 
the fluctuations of hn V must be included for consistency of the reduction. 



(19) 




Figure 1: reduction along r 



One can show that the system admits (as it should) the following solution 
for the metric (with <f>(t, 8, ip) = 0), 



ds\ D = h 0/lu dx^dx u = -dt 2 + nlr 2 (d6 2 + sin 2 6d4> 2 ) 
where n denotes 



n = e 



-00 



2GM\~ l 
r J 



(24) 



(25) 



(23) allows one to describe the physics of the surface of a fixed metric by 
analyzing the dynamics of 0|j This theory describes a branch of the moduli 
space of the hypersurface at an arbitrary r > R s location. Let us now 
place the hypersurface at the event horizon r = Rs and consider fluctuations 



around the metric (24). Once the hypersurface is identified with the event 
horizon, r = Rs, the time-dependent configurations give contributions that 
oscillate rapidly in the path-integral, and therefore produce a suppressing 
factor due to the presence of the factor no- In the Minkowski case, this is 
due to Lebesgue lemma. The same is true for the Euclidean case that results 
from t — >■ it. In section 3, we will consider the 2D action that results from 



4 A more proper step would be integrating out the fluctuating metric around the fixed 
metric in the path integral. Once the metric background is chosen to be the Schwarzschild 
background, the theory is in that curved background. This with the work of [8] confirms 
once again that the proposal put forward in [21] was correct where it was conjectured that 
the holographic dual theory should be placed in the curved background. (See, e.g., 22 
for further discussion.) 



this Wick rotation. The theory reduces to 2D: 



C 



2D 



Tfr e 2* e 2*> 



(o^o + 2 h ^ drh » u ) ~ \2 h ^ d r < Po + 2^V 



+v = ^ 



1? 



(3) 



-V a 0V c 



(26) 



where 

a = 1,2 (27) 

and the total derivative part has been omitted. We gauge-fix the metric to 

ds 2 3D = -dt 2 + h ab dx a dx b (28) 

and obtain 



£ 



2V 






O 1 1 1 1 

f 2^00 + ^h ab d r h ab ) - f 2^°) ~~ [lyhabdrfo + -<9 r /w, 



i? (3) - -V a 0V a < 

Note that only the 2D part of i? (3) fluctuates. However, since 2D gravity is 
two-dimensional, it is not necessary to consider the fluctuations. (Namely, 
the gravity is now topological; the integrating out procedure mentioned in 
footnote [4] becomes irrelevant.) This system admits a round two-sphere met- 
ric for the metric part of the solution: 



(29) 



h 0ab dx a dx b 



4 r 2 



m 



1 + zz) 



-dzdz 



A-H 



(1+zz)- 



(30) 



part replaced by higher 



(There may be higher-genus solutions with the 

genus surfaces; we will comment on them in the conclusion.) Let us substitute 



the solution (|24|) into the metric; it is straightforward to show 
'3 



o^O 



and 



1 \ 2 (\ 1 



O^u 



2 / 2GM\ 
r J 



D(3) 

K 



2GM 



r is to be set to r = R$ after the n 2 , factors are cancelled out. Omitting the 
"constant" yj—h® Rq part, the Lagrangian can be rewritten as 

S 2 d = [d 2 x(-^d a <f>d a <f> + 2p e 2 ^ (31) 



where 

4 . , 

Po = 7— — Z7^ 32 

(1 + zzy 

Compared with the standard form of Liouville theoryr] ( |31[ ) is different from 
the standard form of Liouville theory in several ways. First, the kinetic term 
and the potential term have opposite signs. (We will come back to this point 
in the next section.) The linear term in <p is absent in (|3lj)p| As a matter of 
fact, a linear term appears once the factor po i n front of the e 2 * - which is 
another difference - is absorbed by shifting <fr — > <fi + <ft with an appropriate 
function (f> : 

/-i -i 

d 2 x( - d z <pd- z <P + -d z <f>d- z fo + -d z 4> Q d- z (p + e 2 ^ 

d 2 x ( - d^d-^ - (j>d z d- z 4>o + e 2(p ) (33) 



There is another contribution to the linear term. The field redefinition (18) 
should come with a determinant factor in the path integral over h^ v . The 
determinant factor brings the 0-linear term with an infinite coefficient (see, 
e.g., [29]). Therefore it is natural to expect that the linear term would arise 
through renormalization procedure even if it was absent in the beginning. 



Although we will pursue the renormalization procedure elsewhere 30 
(since it deserves thorough work in its own right), we sketch what needs to be 
established in that procedure. We find the issue of renormalization critical 
for several reasons. Firstly, the appearance of the linear term with an infinite 
coefficient that comes from the measure should be a strong indication of the 
need for renormalization at a fairly early stage of the analysis. Secondly, we 



will only consider the kinetic term and the exponential term in (33) in the 



See, e.g., 23-26 for a review. Liouville theory appeared in the usual Kaluza-Klein 
context, e.g., in 27 . 

6 Liouville thoery without the linear term was discussed for example in 28 . We thank 



Yu Nakayama for pointing out this reference. 
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next section. This linear term can be absorbed into the linear term coming 
from the measure. (One of the advantages of doing this is that the solution 
for the field equation is already known.) In terms of renormalization jargon, 
our setup amounts to starting with the bare action 

S 2D = I ' d 2 x( K - l -d a cl )B d a <p B + Q B R<p B + n B e 2bB ^ (34) 

and splitting it into the renormalized part and the counter termq^J 

S 2D = f<Fx(-^d a <f> r d a <f> r + {i r e? b "t* > )+AS ctr (35) 

where the counter-term part contains the linear term. Although we believe 
that such a renormalization program is very plausible, it must be explicitly 
established. We assume for now that this can be done. With this, our starting 
point for the entropy computation becomes 

S 2D = f (fxi-d^d-^ + e 241 ) (36) 



where the subscript "r" is omitted and also in the following. Let us not turn 
to the entropy computation of this 2D theory. 



3 Horizon-area scaling entropy from 0-field 

In the previous section, we carried out the reduction along the radial (and 
time) direction(s) and obtained Liouville theory. It is actually (a version of) 
time-like Liouville theory due to the opposite signs of the kinetic term and 
the potential term. 

In this section we compute the partition function and entropy. After re- 
duction of the radial and time directions, an overall volume factor will come 
from 

d^x => V (t)r) / d 2 x , V ttr = R 2 s y (37) 

where the volume associated with (t, r) directions has been defined in terms 
of the scale of the theory R$ and a dimensionless number v. This step is 



7 We later found out that a related discussion was given in 31 . 
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crucial for the derivation of the area scaling as we will see shortly. The 2D 



action (36) becomes 



S- 



2D 



d x 



G z 



i n s 24, 
+ G 



(3t 



The constant v has been has been absorbed to make the constant G bare 
with the prospect of renormalization. The G here denotes the renormalized 
coupling constant. By shifting 
of the potential e 2 ^ can be absorbed; one obtains 



by an appropriate constant, the ^f in front 



G 



So 



d x 






+ e 



26 



(39) 



Let us use this form of action in the following to compute the entropy of the 



t-i'i 



0-system. Without this absorption of -# in front of e 2< ^, the perturbation 



series would diverge: suppose one uses (38) and insert several single-line 



vertices (i.e., the linear term), then the result will come with positive powers 

R 2 

of -gf , and, therefore, the large- Rs perturbation will break down. 

Let us find a solution of the system; the field equation that follows from 



(39) is 



dzdz 



G 
R\ 



2d, 



This admits the following solution as well known: 

1 



oWc 



Rl 



G (1+ z 



2^2 



(40) 



(41) 



Next we carry out perturbation around this solution, obtaining the first two 
terms in the series for an illustration. Since we are interested in partition 
function, our task is simpler than computing general correlators of the in- 



solation: 



S- 



2D 



ouville theory. Let us shift <\> —; 


■ 4> c + 4> where C denotes the 


d 2 x( - ^d a 4> c d a 4> c - ^d a <pd a <p + e 2 H^ - 20)) 


S j 'd^-d^dy^^ J ' d 2 z 


r) rhr) a rh 1 (r 2 ^ ^M 


2°^° <P ' H_|_ M2)2^ C ^> 



(42) 
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The classical piece gives 



G 



d 2 x-d a (, 



~d\ 



R2s ^\n ±>s 



2G 



m 



G 



+ const 



(43) 



Although it may be possible to non-perturbatively evaluate the partition 
function by using the existing results in Liouville theory literature, we ponder 
the perturbative method for now because it reveals interesting patterns. The 
fluctuating part can be evaluated by the standard perturbation theory, which 
will produce a series in the "coupling constant" -S-. Consider the fluctuation 
part, 



S, 



quara 



d 2 x ( -iSa o < 



+ 



■:M 



\ + \z 



2\2 



-20) 



(44) 



3 2</> _ 



20) = 20 2 + 



as vertices. 



We may treat the exponential term of 
The potential term has the "wrong sign" - we will comment on the potential 
significance of the sign in the conclusion. As far as the kinetic term is con- 
cerned, one choice of regularization seems to stick out: putting the system on 
a sphere of unit radius followed by zeta function regularization. This seems 



to be a natural choice given that the Lagrangian (29) admits a round sphere 



solution, and (42) has originated from the 2D action on two-sphere. Whether 



this regularization will also be effective for dealing with the vertices remains 
to be seen. The leading piece for the fluctuating part comes from the de- 
terminant of the kinetic part. The result depends on regularization method. 
(This seems to be a general feature of quantum entropy computations (see, 
e.g., (32]).) The 2D Laplacian is given by 



sin m dO 



+ 



d 2 



sin 9 dip 2 



and its eigenf unctions are the spherical harmonics: 



v 2 Y lm = -i(i + i)y, 



In 1 



One can use them to compute determinant of the propagator, 
the i?5-dependent part, one finds 



<lct ( ^V 2 

JTLq 



^— -trill -p&- 



(45) 



(46) 
Focusing on 



(47) 
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Recording only the relevant part, the RHS can be rewritten as 



e 2 



|m^(E i=1 i) 



iln^a 

e 4 o 



(4* 



where the zero mode I = has been omitted and zeta function regularization 
C(0) = — | has been used. Let us combine (43) and (48): 

R„ 



cxp 



G 



n, Rl 1G, i?| 

In — H In — + 

2 G AR1 G 



(49) 



m 



where (...) denotes constant term and the terms of inverse powers of -gF that 
come from the vertices. Unlike in the finite temperature field theory setup, 
the entropy cannot be defined as the temperature derivative of the free energy 
since the temperature does not explicitly enter our zero-temperature setup. 
Noting that the coupling constant (or the square of the coupling constant to 
be precise) plays the role of temperature, a derivative of the free energy with 
respect to the coupling constant (or its square) was taken to be the entropy 
analogue in 10 [32]. (See the appendix for a more detailed discussion.) In 
(39), jL plays the role of the coupling constant, and the entropy s can be 



defined in the same spirit as 



off from (49): 



10 32 



The free energy analogue can be read 



■k . R s 
-In 



G 



1 1 G , Rl 
In 



+ 



ARl 



G 



+ 



(50) 



from which it follows 







d{G/R%) 

nRl 1 Rl 
2 G 4 G 



-In— £ 
2 G 



+ 



1G, Rl 

ln^ 

4.R? g 



+ 



+ 



l tk 



(51) 



The 



where (...) contains constant term and terms of inverse powers of ( , 
coefficient of the logarithmic term is different from that of 16 . We comment 
on the possible reasons in the conclusion. 



4 Conclusion 

In this work, we have applied the ADM reduction scheme to the 4D Einstein- 
Hilbert action, and obtained the 3D system that describes the dynamics of 



14 



a given hypersurface. When the location of the hypersurface is set at the 
Schwarzschild radius, the 3D theory is effectively reduced to Liouville theory. 
There are several future directions. This work establishes (up to renor- 
malization) that the BH entropy - which scales as area - comes from the 
2D Liouville theory that is associated with the hypersurface. Careful study 
of normalization is needed to tie up some of the loose ends. The potential 



term in (44) is not bounded below; this should signify a certain instability. 
It will be interesting to see whether the instability could be associated with 
the evaporation of the black hole, and therefore the event horizon. Further 
work is needed to understand the origin of the coefficient of the logarithmic 
correction, which differs from the coefficient found in [161. It should be pos- 

R 2 

sible to determine the coefficients of the terms of inverse powers of -Jr in 



(51). Another issue is temperature- related. We used the zero-temperature 
field theory setup even though the black hole has Hawking temperature. As 
wellknown, the black hole temperature was an induced effect in the original 
paper by Hawking. Therefore it is natural to expect that temperature should 
enter our zero-temperature setup (e.g., the 2D scalar theory) through certain 
dynamical (or possibly kinematical) effects. We have selected a hypersurface 
and did not consider "interactions" among the hypersurfaces. The role of the 
interactions of the neighboring hypersurfaces could be that they may induce 
finite temperature effects to the selected hypersurface. We plan to report on 
some of these issues in the near future. 
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Appendix: Zero-T entropy of a QFT system 

Conventionally, entropy of a quantum field theory system is considered in 
the finite-temperature setup. It is clear that in general a quantum field 
theory system at zero temperature should have finite entropy in general. We 



used a certain notion of zero-temperature entropy in 10 32 and also in the 
present work. Although the notion is based on a close analogy with the finite 
temperature case, we discuss it here explicitly. 

We limit our discussion to cases in which an Euclidean path-integral that 
takes the form of 



/ 



S(S) 

d$e-— (A.l) 



where $ is the field that represents the degrees of freedom of the system and 
A is the "coupling constant" . Let us set this to 

d$ e -— = e a (A.2) 

A plays a role analogous to temperature in a finite temperature system, and 



F is an analogue of free energy 33 . Taking a derivative with respect to 1/A, 
one gets 

-F + -— — — (A.3) 



fd$e-^ Ml/A) 



The left-hand side is the average of the Hamiltonian, and the equation can 
be rewritten as 

dF 
<H>=F-\— (A.4) 

where < H > denotes the energy of the system. This implies that |f should 
play a role analogous to the entropy of a finite-temperature system, s: 

OF 
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